Function Approximation with a

Classifier System

Stewart W. Wilson Prediction Dynamics, Concord, MA 01742 Department of General Engineering University of Illinois at Urbana-Champaign IL 61801

wilson@prediction-dynamics.com

What is function approximation?

• An approximation A_{f(x)}[x] of y = f(x) is a process that, given an x, generates A_{f(x)}[x] = y^� ≈ f(x), within some error.

• f(x) may be unknown and only available via samples.

• A_{f(x)}[·] can be of various kinds: piecewise-constant,

piecewise-linear, basis functions (e.g., Fourier series), etc.

Why is function approximation important?

• Predictive — of y values for x’s not yet seen. • Economical — allows compact representation of high-dimensional functions.

• Insightful — may reveal function’s structure.

How can a classifier system do function approximation?

• It already does!

• Each classifier continually estimates its payoff. • In XCS, estimates (called predictions) are accurate since fitness is based on accuracy.

• In effect, XCS approximates the mapping X×A ⇒ P. • For a single action ai ∈ A, the mapping is X×ai ⇒ P, a function from input vectors x to scalar payoffs.

• So XCS approximates a separate function for each

a_i.

• The purpose is to choose the best action.

What are we doing today?

• Modify XCS for function approximation per se.

• Approximate (learn) functions y = f(x), where y is real and x is a vector with integer components x_1, ..., xn. • As a by-product, uncover an interesting generalization of classifier architecture that may open a way to continuous actions.

What modifications to XCS (to make “XCSF”)?

• Adapt the program for integer instead of binary input vectors. I.e., make it like XCSI.

• Restrict to a single (dummy) action.

• Make the payoff prediction directly accessible at the output.

• To approximate y = f(x), let x be the input and y the payoff.

After sufficient sampling of the input space, the system should, given x, more or less accurately predict the corresponding y.

Modifications for integer input vectors (I.e., like XCSI).

• Assume input x = (x1, ..., xn) is a vector of integers.

• Classifier condition is a concatenation of “interval predicates” inti = (li, ui).

• A match occurs iff li ≤ xi ≤ ui for all xi in x.

• Crossover (two point) as in XCS.

A crossover point can occur between any two alleles, i.e., within an interval predicate or between predicates.

• Mutation is different.

Mutate an allele by ±rand(m0), with m0 a fixed integer, rand picks randomly from [0, m0), and the sign is chosen randomly. Resulting values are bounded.

• Condition of a covering classifier is l1, u1, ..., ln, un where li = xi − rand1(r0), limited by the minimum input value, and rand1 picks randomly from (0, r0). Similarly for ui.

• Subsumption is similar to XCS, but adapted to interval predicates.

Simplest case: Piecewise-constant approximation.

ϵ_0 = 500

Can we do piecewise-linear?

• Instead of a constant, let the classifier prediction be a linear function h(x) = w · x^0, where w is a weight vector (w0, w1, ..., wn), and x^0 is the input vector x augmented by a constant x0, i.e., x^0 = (x0, x1, ..., xn). • Over the subspace of X in which it matches, the classifier’s prediction h(x) is then a linear approximation to f(x).

• Adapt w according to a version of the delta rule, Δwi = η(t − o)xi, where wi and xi are the ith components of w and

x^0, t (“target”) is the correct value of y according

to y = f(x), o (“output”) is the value of h(x), and η is the correction rate.

• The rest of XCSF proceeds as usual (updating of classifier parameters other than prediction, GA applied to the classifier conditions).

• Hopefully, the conditions and the weight vectors of all the classifiers will co-adapt to create a good piecewise-linear approximation to f(x).

• A few further details were required: slight modification of above delta rule, appropriate choice of x0, choice of η, weight-vector initialization. Please see paper.

Piecewise-linear approximation to “two-line”:

y = 50x + 1000, 0 ≤ x < 50

= 130x − 3000, 50 ≤ x < 100.

ϵ_0 = 10 ϵ_0 = 500

Parabola:

ϵ_0 = 500 ϵ_0 = 100

Sine:

ϵ_0 = 10 ϵ_0 = 2

What about multi-dimensional functions? Tested on “rms” function:

y = [(x^2_1 + ... + x^2_n)/n]^{1/2}, 0 ≤ xi < 100

ϵ_0 = 1 (1% of range)

Summary

• XCSF, derived from XCS, used the prediction mechanism to learn piecewise-linear approximations to functions.

• Tests on simple one-dimensional functions yielded arbitrarily close approximations, according to setting of ϵ0.

• On a six-dimensional nonlinear function, XCSF rapidly formed a highly accurate approximation, though a large number of classifiers were required.

• Future work should attempt to measure the complexity (classifiers required) on multi-dimensional functions. Probably this relates to the degree of linearity, since O(1) classifiers are needed for linear functions of arbitrary dimensionality.

• Make comparisons with fuzzy classifier systems. Fuzzy computes function using more than one classifier; XCSF in principle requires just one.

• Applications include on-line learning of any mapping from a vector of input values to an output value. Example: financial time-series prediction, where a future value is an approximable function of earlier values in the series.

...Architecture

Traditional classifier

1#00##10 : 1 ⇒ 45 <conjunctive predicate>:<fixed action> ⇒ <constant prediction>

S-classifier

(< x2 x5) : turn-left ⇒ 45 <truth function t(x) >:<fixed action> ⇒ <constant prediction>

Generalized Classifier (fixed action)

(< x2 x5) : turn-left ⇒ 3.2(x5 − x2) t(x):<fixed action> ⇒ <prediction function approx. A_{p(x)}[x] >

Generalized Classifier (variable single action)

(< x2 x5) : (.38 < a ≤ .52) ⇒ 3.2(x5 − x2) + .4a t(x) : <action restriction r(a) > ⇒ A_{p(x,a)}[x, a]

Generalized Classifier (action vector)

(< x2 x5) : (.38 < a1 ≤ .52), (0.0 < a2 ≤ .7) ⇒ 3.2(x5 − x2) + .4a1 + .23a2 t(x) : r(a) ⇒ A_{p(x,a)}[x, a]

Good ’ole 6-Multiplexer

• Classifier pair from XCS:

10##1# : 1 ⇒ 1000 10##1# : 0 ⇒ 0

• As Generalized Classifier:

10##1# : # ⇒ 1000a t(x) : r(a) ⇒ A_{p(x,a)}[x, a] <truth function> : <action restriction> ⇒ <prediction function approximation>

“Given that the input satisfies t(x) and the action is within r(a), the predicted payoff is approximated by A_{p(x,a)}[x, a].”